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CLASSICAL r-MATRIX LIKE APPROACH TO FROBENIUS 
MANIFOLDS, WDVV EQUATIONS AND FLAT METRICS 

BLAZEJ M. SZABLIKOWSKI 

Abstract. A general scheme for construction of flat pencils of contravariant metrics 
and Frobcnius manifolds as well as related solutions to WDVV associativity equations 
is formulated. The advantage is taken from the Rota-Baxter identity and some relation 
being counterpart of the modified Yang-Baxter identity from the classical r-matrix for- 
malism. The scheme for the construction of Frobenius manifolds is illustrated on the 
f~^ ■ algebras of formal Laurent series and meromorphic functions on Riemann sphere. 
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1. Introduction 

Classical r-matrix theory [30] can be very useful in the construction of almost all 
known classes of integrable field systems (see [31, 6] and references therein). Frobenius 
manifolds are intrinsically connected with the bi-Hamiltonian systems of hydrodynamic 
type, for which the above formalism can be naturally applied (see for instance [26, 34]). 
Therefore, the primary objective of this article is a formulation of a scheme analogous to 
the classical r-matrix theory, which could be applied for the construction of Frobenius 
manifolds. 

The main idea exploited in the paper involves the use of the Rota-Baxter algebras for 
the construction of Frobenius algebras. Consider the new multiplication 

a o b := i{a)b + ae{b) 

defined in some commutative associative algebra. If the endomorphism i satisfies the 
Rota-Baxter identity [5, 29, 20]: 

i{i{a)b) + e{ai{b)) - e{a)e{b) = nab, 

of weight K, then the new multiplication is associative. If the algebra can be equipped 
with some trace form, then the following metric is automatically invariant: 

?7(a, 6) := Tr(a o 6) =^ r]{aob,c) = r]{a,b o c) . 

Hence, if the new multiplication is unital we can generate in this way, in principal, nontriv- 
ial Frobenius algebras. We show in the article how this idea can be extended to Frobenius 
algebras, appearing in the cotangent bundles, of certain Frobenius manifolds. 

The theory of Frobenius manifolds [13, 14] is a coordinate-free formulation of the 
Witten-Dijkgraaf-Verlinde-Verlinde (WDVV) associativity equations appearing in the 
context of the 2-dimensional topological quantum field theories (TFT) [35, 10]. Frobenius 
manifolds appear not only in theoretical physics but also in seemingly unrelated areas of 
contemporary mathematics such as enumerative geometry and quantum cohomology [27], 
singularity theory [21] and integrable systems [14, 19], see also the expository articles 
[22, 4]. 

In fact the structure of Frobenius manifold is equivalent to a pencil of fiat metrics 
satisfying some homogeneity conditions [14, 15]. These pencils generate hydrodynamic 
(Dubrovin-Novikov) Poisson tensors yielding bi-Hamiltonian structure for the so-called 
principal hierarchy that can be associated to any Frobenius manifold. Such integrable 
hierarchies together with their bi-Hamiltonian structures can be efficiently constructed 
using the classical r-matrix formalism (see for instance [34]). 

More standard approach to the construction of Frobenius manifolds relies on the 
Landau-Ginzburg models and Saito's theory [14]. It is interesting that often in these 
formalisms the superpotentials can be identified with Lax functions of the related Lax 
hierarchies. At the general level, it does not seem to be so apparent and the further 
research on the mutual connections is justified. The above point of view for construction 
of Frobenius manifolds is presented for instance in the following articles [25, 2, 3, 32, 33, 8], 
which are directly connected with integrable hierarchies of hydrodynamic type so-called 



CLASSICAL r-MATRIX LIKE APPROACH TO FROBENIUS MANIFOLDS 3 

Whitham hierarchies. Alternative approach based on the so-called isotropic deformations 
is presented in [23, 24]. For some recent works concerning classification of semisimple 
Frobenius manifolds see [11, 17, 12]. 

A new interesting class of Frobenius manifolds, which are infinite-dimensional, was 
introduced in the recent articles [9] and [28]. These Frobenius manifolds are associated 
with (2+l)-dimensional integrable hydrodynamic 2d Toda and KP equations, respectively. 
Both works rely on the bi-Hamiltonian structures of related infinite-field hydrodynamic 
chains. Nevertheless, both approaches are not equivalent as they exploit in the construc- 
tion of Frobenius structures significantly different mathematical methods. The approach 
from [9] is further extended in [36] to infinite-dimensional Frobenius manifolds associated 
with two-component dispersionless BKP hierarchy. In principle, the approach presented 
in this article can be used in the above cases of infinite-dimensional Frobenius manifolds. 

In Section 2 we present all the facts about Frobenius manifolds and related structures 
that will be indispensable in the rest of the paper. In particular Proposition 2.4 will allow 
for the straightforward construction of solutions to the WDVV equations. In Section 3 
we establish scheme for the construction of Frobenius algebras, which is based on the 
Rota-Baxter identity (3.2). In Section 4 we present scheme for the construction of fiat 
metrics, which is based on the relation (4.4) being counterpart of the modified Yang- 
Baxter identity from the classical r-matrix formalism. In Section 5 the scheme for the 
construction of Frobenius manifolds is developed, which is based on the results from two 
preceding sections. Here, we prove the main Theorem 5.4 of this article. In the last 
Section 6 we illustrate our scheme of construction of Frobenius manifolds applying it to 
the algebras of formal Laurent series and meromorphic functions on Riemann sphere. As 
a result, we generate infinite- and finite-dimensional Frobenius manifolds, respectively. 

We believe that the approach presented in this article will contribute to a better 
understanding of the relation, on the constructive level, between Frobenius manifolds and 
integrable hydrodynamic systems. This follows from the fact that the scheme for the 
construction of Frobenius manifolds is formulated purely in the cotangent bundle, which 
is more natural in the context of the related hydrodynamic bi-Hamiltonian structures. 
Moreover, we hope that this work will contribute to the further classification of Frobenius 
manifolds, including particularly these which are infinite-dimensional. 



2. Theory of Frobenius manifolds 

2.1. Frobenius manifolds. In this section we present all the necessary facts about 
Frobenius manifolds and related structures to make the article self-contained. For the 
convention used see Appendix A. 

Definition 2.1 ([14]). A Frobenius manifold is an n-dimensional smooth manifold^ equipped 
with a (pseudo-Riemannian) covariant metric t] G r{S'^T*M) and structure of a Frobenius 
algebra on the tangent bundle TM. The last statement means that there exists an unital 
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commutative associative m,ultiplication, given by the C^i^M) -bilinear map 

(2.1) * : X(M) X X(M) -^ X(M), 
compatible with the metric: 

(2.2) 7]{X,Y*Z) = 7]{X*Y,Z) X,Y,ZeX{M). 

Let V be the Levi-Civita connection of rj. The following conditions are also required: 

(1) The metric rj must be flat. 

(2) The tensor field Vc must be symmetric in all its four arguments, where c(X, y, Z) := 
ri{X*Y,Z). 

(3) The unit vector field e must be flat, that is Ve = 0. 

(4) There must exists an Euler vector field E (i.e. VV-E = Oj such that 

(2.3) Lie^ * = * and Lie^; r/ = (2 — d) 77, 
where d is some number (weight). 

The above structure without point (4) will be referred to as a pre-Frobenius manifold. 

According to Theorem 2.15 in [21] the following conditions on any Frobenius manifold 
are equivalent: 

i) The tensor Vc is symmetric in all four arguments, 
ii) The tensor V* is symmetric in all three arguments, 
iii) The multiplication (2.1) satisfies the F-manifold condition, 

(2.4) Liex*y(*) =X* Liey(*) + Y * Liejf (*), 

and the counity 1-form e := e^ is closed. 
Moreover, from Lemma 2.16 in [21] we know that the vector field e is fiat if and only if 

(2.5) Lieer/ = 

and de = 0. Hence, in Definition 2.1 instead of the third condition we can require (2.5) 
to hold. Direct consequence of (2.4) is that Liee(*) = and LieEe = —e. 

Substituting e for Z in (2.2) one observes that the counity is actually a trace form, 
e : X(M) -^ C°^{M), such that r/(X,y) = e{X * Y). 

2.2. WDVV associativity equations. Let t\ . . . ,t" be (local) fiat coordinates for the 
metric 77 such that e = dfi. Then, the second condition in Definition 2.1 implies local 
existence of the (smooth) function J-" = J^{t), the so-called prepotential, such that 



^^•^^ ''''' ~ Wdtwi^ '''''^ '^''~ dt^dpdp- 

The structure constants for the multiplication (2.1), such that {X * Yy = d-^^X^Y^ , 
are given by c*;, = rf^cijk^ Then, the so-called WDVY equations are the associativity 
equations on the prepotential F: 



'V o — '^xh'^ ~ „ /o o — V 



dt'dPdt"-' dPdt^dt^ dt^dPdP ' dPdt^dP' 



In this section the Einstein summation convention is used. 
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The Euler vector field E can be normalised so that E^ = [1 — qi)f + ri, where g,, r^ are 
some numbers. Furthermore, the quasi-homogeneity condition (2.3) on J-" takes the form 

(2.7) UqeJ^ = E'— - = {?,- d)T + quad. pol. 

The above equality holds modulo quadratic polynomials in the flat coordinates. 

2.3. Intersection form. On a Frobenius manifold the metric t] induces structure of a 
Frobenius algebra in the cotangent bundle T*M with the multiplication given by 

Its unity is the counity 1-form e = e^ and the unity vector field e is a trace form such that 
T]*{a, (3) = e{a o /3). The quasi-homogeneity relations (2.3) can be rewritten in the form: 

(2.8) Lieso = (d-l)o, LieEV* = {d-2)r]*. 

Besides, on a Frobenius manifold there exists a second contravariant metric g* G 
r(S'^TM), the so-called intersection form [14, 15], defined by 

(2.9) g*{a,^):={ao/3,E) a,/3eA^(M), 

where E is the Euler vector field. In fact, this metric is also flat and its inverse g together 
with r] are compatible, that is the (covariant) pencil defined by (7^ := 77 -|- 2; (7 is flat for all 
values of z. 

Remark 2.2. The existence of the intersection form g is the main source of the connection 
of Frobenius manifolds with integrable systems of hydrodynamic type. This is because 
the flat metrics rj and g generate compatible Poisson brackets of hydrodynamic type, see 
Appendix B. 

2.4. Deformed fiat connection. On a Frobenius manifold one can define affine connec- 
tion in the form 

(2.10) VxY ■.= VxY + zX*Y X,Y e X{M), 

where 2; G C* is a deformation parameter. This connection is torsionless (symmetric) and 
its curvature tensor vanish identically in z. The symmetry of (2.10) is equivalent to the 
commutativity of the multiplication (2.1) and its flatness is equivalent to the associativity 
of (2.1) as well as symmetry of the tensor Vc with respect to all its arguments. 

Proposition 2.3. The action of the deformed connection (2.10) on 1-forms is given by 

(2.11) VQ,tt7 = VQ,tt7 - 2;ao7, 
where a,7 G A^{M). 

Proof. By the invariance (2.2) one finds that 

(7, a^*X) = r]{-f\ a^*X)= r]{a^ * 7", X) = {a o 7, X). 
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Hence, using the properties of affine connection we have 

(V,«7, X) = D,, (7, X) - (7, V„«X) = ( V,«7, X) - z (7, a« * X) 

which gives the formula (2.10). D 

Flatness of the deformed connection V entails (local) existence of its fiat coordinates 

n'^iz) =n''{t,z) such that 

^ ^ ' dt'dP '^ dt^ 

where Vj = V_e_. One can expand ^^{z) into the formal power series 



ato 



n\z) ■.= Y,K)ity^ 



n=0 

Then, the coefficient functions l-CfAt) can be determined recursively from 

-^ = r- ■ — ^^ — - T7 > n 

This recurrence formula has the following coordinate-free form: 

(2.12) VaidUl^) =ao dH\^_^) n > 0, 

valid for arbitrary a G h^{M). 

Proposition 2.4. Assuming normalization T-L^q-) = t^ , if d ^ 3 the prepotential T can he 
determined from l-Ofi) using the formula 

(2.13) J^ = - — -i^VvE'nL + quad. poL, 

where the equality holds modulo quadratic polynomials in the flat coordinates. 
Proof. Using the normalization and (2.6) we have 

dPdP '^ dt^ '^ ' ''' ' dPdPdt^' 

Integrating twice, one finds 






^fi) =V''^1^ + l^n. pal. => -—- = riikUL + lin. pal. 



where the equalities hold modulo linear functions. Next, substituting this to (2.7) one 
obtains the desired formula (2.13). D 
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3. Construction of Frobenius algebras 

3.1. Rota-Baxter identity. Recall that a Frobenius algebra is an associative commuta- 
tive unital algebra A endowed with a nondegenerate invariant symmetric bilinear scalar 
form. 

Proposition 3.1. Let A be an associative (non-necessarily commutative) algebra, 
i) Define new multiplication on A: 

(3.1) aoib:=i{a)b + ai{b) a,b E A, 

generated by some linear map i : A ^ A. A sufficient condition for the multipli- 
cation (3.1) to be associative is the identity 

(3.2) i{ao^b)-£{a)£{b) = Kab, 

which must hold for all a,b E A and some n G Z(^) (center of A), 
ii) Moreover, the linear map £{■) = i{S-), where i is composed with some 6 G Z(^), 
satisfies (3.2), with k replaced byH = ^6"^, iff £ satisfies (3.2). 

Proof. From the formula (3.2), 

(a o£ 6) o£ c — a o£ (6 o^ c) = i{a o^b) c + (a o^ b) £(c) — i{a) {b o^c) — a dip o^ c) = 

= [£(a o^ b) - £(a)£(6)] c - a[t{b o^ c) - l{b)£{c)] = nabc - anbc. 

Thus, the first assertion follows immediately if k commutes with all elements from A. For 
i the right-hand side of (3.2) takes the form 

I{a ojb) - I{a)I{b) = e{{6a) o^ (Sb)) - i{Sa)i{Sb) = nS^ab. 

Hence, the second assertion follows. D 

Remark 3.2. The formula (3.2) is known as the Rota-Baxter identity [5, 29]. In most 
cases, when A is unital, k is a scalar weight. Associative algebras equipped with an 
operator satisfying the identity (3.2) are called Rota-Baxter algebras, for information on 
the subject see [20] and references therein. 

3.2. Invariant scalar product. Let ^ be a commutative associative unital algebra with 
a trace form given by a linear map Tr : ^ — t- IK such that the pairing 

{■,-)j^:Ax A^K (a,6)^ :=Tr(a6), 

is nondegenerate. We will call such trace nondegenerate. 

On the other hand, for an unital associative commutative algebra A equipped with a 
nondegenerate invariant pairing the trace form can be always defined as Tra := (a, 1)^. 
This pairing is naturally invariant, hence such ^ is a Frobenius algebra. However, our 
aim is the construction of a 'more complex' Frobenius structure on A with scalar product 
invariant with respect to the commutative multiplication (3.1). 

Let o£ defined by (3.1) be a second commutative associative multiplication on A. 
Then, we can define bilinear form (metric): 

(3.3) ?7(a,6) := Tr(a o^ 6) a,b E A, 
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naturally invariant with respect to the multiplication o^, that is 

r]{a o^ b, c) = Tr(a og hoic) = ri{a, bo^c) . 

If the new multiplication (3.1) is unital and such that (3.3) is nondegenerate, then the 
multiplication (3.1) together with the metric (3.3) define structure of a Frobenius algebra 
on A. 

The relation from the following proposition will be needed later. 

Proposition 3.3. For the algebra A endowed with a nondegenerate inner product, the 
Rota-Baxter identity (3.2) is equivalent to the following 'dual' relation: 

(3.4) t{t{a)b)-t{ae{b))+e*{a)e{b) = nab, 
where I* is the adjoint of i such that Tr(£*(a)6) := Tr(a£(6)). 

Proof. Define functionals in the form: 

Ki [a, b] ■= £{£{a)b) + £{a £{b)) - i{a)£{b) - k ab, 
K2[a,b] := £*{£*{a)b) - £*{a£{b)) + £*{a)£{b) - nab, 

which vanishing is equivalent to the identities (3.2) and (3.4). The lemma follows from 
the equality 

Tr{Ki[a,b]c)=TT{aK2[c,b]) 

and the fact that the inner product defined by the trace form is assumed to be nondegen- 
erate. D 

3.3. Special case. There is a class of simple solutions to the Rota-Baxter identity (3.2) 
that will be of interest to us. Assume that the algebra A can be decomposed into a 
(vector) direct sum of subalgebras preserving the multiplication, that is 

A = A+®A- A±A± cA± A+nA- = 0. 

Denoting the projections onto this subalgebras by P±, we define £ : A ^^ Ahj 

(3.5) £ = ^(P+-P_). 



4' 



Proposition 3.4. The linear map (3.5) satisfies the identity (3.2) for k, 
Proof. Set a± = P±{a) for a & A, thus a = a^ + a^. Then, 

£{a o£ b) = £(a+6+ — a^b^) = -(a+6+ + a^bJ) , 

£{a)£{b) = -(a+6+ — a+6„ — a„6+ + a^bJ) . 

Now, the result follows from a simple verification. D 

Remark 3.5. The above special solution to the Rota-Baxter identity is a counterpart of 
similar construction for the modified Yang-Baxter equation, see Appendix C. 
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4. Construction of flat metrics 

Let ^ be a commutative associative unital algebra equipped with a trace form Tr : 
^ — !■ K, such that the symmetric product (a, 6) ,4 := Tr(a6) is nondegenerate. Further- 
more, let be given some derivation d G Der^ invariant with respect to the trace form, 
that is 

(4.1) Tr(a'6) = - Tr(a6') , 

where a' = da. 

Let Am C A constitute a subspace (submanifold) of A, such that the endomorphism 
d is transversal to Am- This requirement means that all vector fields (derivations) on Am, 
X{Am), niust commute with d. Obviously, X{Am) can be identified with an appropriate 
subset of Der A. Notice that Am does not have to be a vector subspace. 

We will identify Am with an underlying manifold M. The tangent space TxAm at 
some point A G Am is a subset of A. Using the nondegenerate symmetric product we 
can identify another subset as the cotangent space T^Am, so that the duality pairing at 
A G Am takes the form 

(4.2) ( , ), : T*Am X T^Am ^ K («,X)a := (X,a)^ = Tr(Xa). 

4.1. Linear metric. For some operator r G End^ we define at some point A G Am the 
contravariant metric by 

(4.3) r/* (a, /3) := Tr (AV(a)/3 + A'a r (/?)) , 

where a, /3 E T^Am- This metric is linear in A. Then, the related canonical isomorphism 

\\\^ : T^Am -^ TxAm, such that r/*(a, /3) = Tr(aS/3), is given by 

att|^ = AV(a)+r*(A'a), 

where r* is the adjoint of r, i.e. Tr(r*(a)6) := Tr(ar(6)). For the nondegeneracy of the 
metric (4.3) we require the kernel of jj to be trivial at arbitrary A G Am- In practice, this 
requirement is possible to satisfy only outside some discriminant. 

The following identity on the endomorphism r turns out to be important: 

(4.4) r{r{a)b') +r{ar{by) -r{a)r{by = Kab' a,b e A, 

where k is some constant. 

Theorem 4.1. Assume that r G End^ is invariant on Am, that is r commutes with 
directional derivatives with respect to all vector fields X{Am)- Then, the following state- 
ments are valid: 

(i) If r satisfies (4.4), the Levi-Civita connection of the metric (4.3) has the form 

(4.5) V^n = ^an-r{a)-f'-ar{-fy a,-f e A\Am)- 

(ii) The identity (4.4) is a sufficient condition for the metric to he flat. This means 
that if r satisfies (4.4) the curvature tensor vanish on Am, that is 

where a,(3,'y ^ A^{Am)- 
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Proof. The tensor field (A. 8) corresponding to the connection (4.5) has the form 

TaT = ^ail - Vc,87 = r{a)-f' + ar(7)'. 

We must to show that this is the Levi-Civita connection of the metric (4.3), that is the 
conditions (A. 9) and (A. 10) are satisfied. 

Let a.b := r{a)b + ar{b), so that T]*{a,(3) = Tr(A'a./3). Then, the identity (4.4) can 
be written in the form: 

(4.6) r{Tab) = r{a)r{by + k ab' . 
Straightforward computation, using (4.6), leads to the following two relations: 

(4.7) a.TbC = b.TaC, {a.b)' = Tab + T^a. 
Now, the condition (A. 9) is immediate as 

(4.8) r/*(a, 1^7) = Tr(A'a.r^7) = Tr(A'/3.r„7) = r/*(r„7, /3) . 

From the requirement that d and r commute with vector fields on Am it follows 
that D^ttA' = (a")' and that T is constant on Am, that is {Da»T){f3,'y) = 0. Hence, the 
directional derivative of the metric (4.3), by (4.1) and (4.7), is 

(D„«r/*) (/3,7) = Tr((a«)'/3.7) = -Tr(a«(/3.7)') = -^*(a, (/3-7)') 
= -??*(«, r/37) - r]*{a, Tyl3) . 
Using (4.8) we get the second condition (A. 10): 

(D,«r/*) (/3,7) = -r/*(/3,r„7) - r/*(r,/3,7) . 

Hence, indeed the formula (4.5) defines the Levi-Civita connection. 

Since T is constant on Am the curvature tensor (A. 12) for the metric (4.3) takes the 
form 

R{a\ /3«)7 = r„r/37 - r^r,7 - rr„^7 + ^r,al = 0, 

where the last equality is a consequence of (4.6) and straightforward computation. Thus, 
the metric is fiat. D 

4.2. General case. We define the generalised contravariant metric, for r G End^, by 

(4.9) gl{a, /3) := Tr(AV(Ea)/3 + X'a r{EP)) 

= Tr(^[r*(A'a)/3 + ar*(A'/3)]), 

where A G Am and a, /3 G T^Am- We assume that E : Am — ^ Am is a differentiable 
function E = E{\) of A, such that DxE = §f^ holds for arbitrary X G X{Am)- Then, 
also E' = §f A'. For instance one could take E = A". 

The related canonical isomorphism ^\^^ : T^Am — )■ TxAm has the form 

(4.10) J\^ = X'r{Ea) + Er*{X'a). 
We require the kernel of jj to be trivial on Am- 

Theorem 4.2. Assume that r G End^ satisfies (4.4) and it is invariant on Am- Then, 
the following statements are valid: 
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(i) The Levi-Civita connection of the metric (4.9) is given by 

(4.11) V,«7 = Da«7 - r{EaW - ar{E^y + — r*(A'a)7, 

where a,7 G A^{Am)- 
(a) The metric (4.9) is flat, that is the curvature tensor (A. 12) vanish identically 
on Am- 

Lemma 4.3. The identity (4.4), forr G End^, is equivalent to 

(4.12) r*{r*{a)b') - r*{ar{b)') + r*{a)r{b)' = nab'. 

Proof. Define functionals in the form: 

(4.13) Ki[a,b] ■.= r{r{a)b')+r{ar{b)') - r{a)r{b)' - k ab' , 
K2[a, b] := r*{r*{a)b') - r*{ar{by) + r*{a)r{b)' - Kab\ 

wliicli vanisliing is equivalent to the identities (4.4) and (4.12). The lemma follows from 
the equality 

Tr{Ki[a,b]c) =Ti{aK2[c,b]) 

and the fact that the trace form is nondegenerate. D 

Proof of Theorem 4-2. The tensor field (A. 8) related to (4.11) has the form 

dE 

(4.14) r„7 = r{Ea)-f' + a r{E-f)' - —-r*{X'a)-f. 

UA 

We must show that it satisfies (A. 9) and (A. 10). Let 

ao(3:=r{Ea)(3 + ar{E(3) =^ /(a, /3) = Tr(A'a o /3) . 
Using the relation (4.4) and properties of the trace form one can show that 

(4.15) Tr(A'a o 1^7) = Tr(A'/3 o r,7) , 

which is equivalent to (A. 9). 

Calculating the directional derivative of the metric (4.9) one finds the formula 

(D„,(7*)(/3, 7) = - Tr(a«(r(E/3)7 + /3r(E7))') + Tr (a« — (/3r*(A'7) + r(A'/3)7)) 
= -fi'*(«, ^131) - 9*ia, r^/3) • 
Now, the second condition (A. 10) is a straightforward consequence of (A. 9) and (4.15). 

To calculate the curvature tensor (A. 12) first we need the directional derivative of 
(4.14), which is given by 

(D,,r)(a,7) = r{^aP')i + ^r[^f3h)' - ^r^X'a)^^ - ^r*{a{(3^y) 7, 

where f3^ = \'r{Ef3) + Er*{\'(3) e X{Am)- Substituting the above formula and (4.14) 
to (A. 12) one can show that the curvature vanish. One must use the identities (4.4) and 
(4.12). The calculation is straightforward, however slightly tedious, so we omit it. D 
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Remark 4.4. Notice that the generahsed metric (4.9) and the F tensors (4.14) are hnear 
in E. Hence, any two metrics (4.9) defined by different E are compatible and can generate 
the corresponding flat penciL 

Proposition 4.5. For arbitrary X G X{A]\i) and 7 G A^{Am) the following formula 
holds: 

(4.16) Vx7" = (Vx7)" = {A, r(E7)} + E r*({A, 7}) , 

where V is the Levi-Civita connection (4.11) for the metric (4.9), jj is the canonical 
isomorphism (4.10) and 

(4.17) {a,b} ■.= a''Dxb-'Dxab' 
is a Poisson bracket defined on the algebra A. 

Proof. Applying the canonical isomorphism (4.10) to (4.14) and using the relations (4.4) 
and (4.12) one flnds that 

(Taif = a^E^y + Er*{aW) - X'r(jr-a^-f 

where a" = \'r{Ea) + Er*{\'a). Hence, 

(V„«7)"=(Da«7-r.7)" 

= A'D,«r(E7) - a»r(E7)' - AV*(A' D^l - «H')- 

Now, setting X = a^ E X{Am) and deflning {,} := d A Dx we get the formula (4.16). 
Notice that D^A = X. This Poisson bracket is well-deflned on A since it is assumed that 
the vector flelds on Am commute with the derivation d. D 

Proposition 4.6. The condition (4.4) is a sufficient condition for r G End^ to be a 
classical r -matrix with respect to the Poisson bracket (4.17) (see Appendix C), which 
means that 

r{{r{a), b}) + r{{a, r{b)}) - {r{a), r{b)} = k {a, b} 

holds. 

The proof is straightforward using the relation (4.4) and the assumption that J^x'r = 0. 

Remark 4.7. For E = 1 the metric (4.9) reduces to the linear metric (4.3). The most 
natural choice is -E = A" for n ^ 0. (One can also imagine more nonstandard choices 
of E.) This case, through the two above propositions, corresponds to the Lie- Poisson 
brackets from Theorem CI. Compare the formula (4.16) with (CI). Under appropriate 
assumptions, the above formalism gives alternative proof to Theorem CI and it can also 
be considered as its generalisation. 

Remark 4.8. The formula (4.16) can be useful in flnding flat coordinates of the corre- 
sponding metric (4.9). To flnd them we can look for linearly independent flat (covariantly 
constant) 1-forms 7*, that is V7* = 0. Using the relation (4.16) it is sufficient to postulate 
that 

(4.18) {y,A}=0 and r(Ey) = 0. 
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Then, locally we have 7* = dt^ and f constitute flat coordinates. Particularly, in this way 
we can obtain, taking E = 1, flat coordinates for the metric (4.3). 

Remark 4.9. Consider the loop algebra C{Am) := {7 : S^ — t- Am | 7' = 0} of loops in 
Am such that the derivative d is transversal to these loops. Then, the formula (4.17) 
taking X = dx deflnes Poisson bracket on C{Am) and the classical r-matrix scheme could 
be applied to C{Am), see Appendix C. 

4.3. Probenius structure. The linear metric (4.3) can be written in the form 

7]l{a, P) = Tr(r*(A'a)/3 + ar*(A'/3)) , 

which suggests that there could be deflned in the cotangent bundle T*Am invariant mul- 
tiplication, such that T]*{a, (3) = Tr(a o /3), acquiring the following form 

(4.19) ao/3 = r*(A'a)/3 + ar*(A'/3). 

According to Proposition 3.1, if r* was satisfying the Rota-Baxter identity (3.2), this 
multiplication would be associative. The related co-unity 1-form would be 

(4.20) e{a^) = {e,a^) = TTa. 

As we have seen in Section 2, on a Frobenius manifold the counity is necessarily closed. 

Proposition 4.10. Assume that r G End^ satisfies (4.4) so that Theorem 4-i holds. 
Then, the condition 

(4.21) r*(7')+r(7)' = 0, 

where 7 G A^{Am) is arbitrary, is a sufficient condition for vanishing of de, where e is 
the 1-form defined by (4.20). 

Proof. The exterior derivative of a 1-form e is 

&(X, Y) = X{e{Y)) - Y{e{X)) - e([X, ¥]) , 

where X^Y are vector flelds. Setting X = a^ and Y = [3^ and using (A. 11), it follows 
that for the 1-form (4.20): 

de{a\ (3^) = Tr(D„B/3 - Dp»a - V„b/3 + V^ta) = Tr(r«/3 - T^a) 
= 2Tr(a(r*(/3')+r(/3)')). 

Hence, the assertion follows. D 

Remark 4.11. In fact, one can show that if r satisfles the relation (4.4), the condition 
(4.21), and the derivation d is onto (Im9 = A), then r* satisfles the Rota-Baxter identity 
(3.2) and the multiplication (4.19) is associative. There arise question when one can deflne 
on Am structure of a Frobenius manifold. 
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5. Construction of pre-Frobenius manifolds 

The preliminary setting is the same as in the previous section. Let ^ be a commutative 
associative unital algebra equipped with a nondegenerate trace form Tr : ^ — ?> K and 
invariant derivation d G Der^, that is Tra' = 0, where a' = da. Consider the subspace 
Am C a, which will constitute an underlying manifold, such that d is transversal to Am- 
Then, the tangent and cotangent spaces can be identified with appropriate subspaces of 
A through the trace form. 

Let be given some linear map i G Endw4, which satisfy the Rota-Baxter identity (3.2), 
that is 

(5.1) i{i{a)b) + i{ai{b)) - e{a)e{b) = nab, 

for some k G IK. Then, for fixed A G ^ we define the second commutative multiplication 
in A by the formula 

(5.2) aob:=i{X'a)b + ai{X'b). 
By Proposition 3.1 this multiplication is associative. 

5.1. Structure of Frobenius algebra. We define the contravariant metric at a point 
A G Am by the formula 

(5.3) r/*(a,/3) :=Tr(ao/3) = Tr(£(A'a)/3 + a£(A'/3)) a,/3eT*AM 

and require that on Am it is nondegenerate. The related canonical isomorphism tj|^ : 
T*Am -^ T^Am is 

(5.4) a^^ = i{X'a) + X't{a), 

where i* is the adjoint of i with respect to the trace form. 

Suppose that the multiplication (5.2) restricts properly to T^Am- Then, the formula 
(5.2) defines in the cotangent bundle associative and commutative multiplication, such 
that 

(5.5) o : T*Am X T*Am ^ T*Am (a, /?) ^ o(a, /3) = a o /3. 

This multiplication is invariant with respect to the metric (5.3). Hence, the contravariant 
metric (5.3) and the multiplication (5.2), if it is unital, define the structure of Frobenius 
algebra in the cotangent bundle T*Am- 

Remark 5.1. In practice the multiplication (5.2) does not have to naturally restrict to 
T^Am- If the complement {TIAmY = -^ \ T^Am is an ideal in Am with respect to the 
multiplication (5.2), then we can define multiplication in T^Am by means of the quotient 
algebra A/{TIAmY- Notice that T^Am — A/ {T^AmY ■ I^ this case, we must require 
that (T^AmY ° a G (T^AmY- Still we need the metric (5.3) to be compatible with the 
quotient structure. Thus, additionally we must require that 

vmnAMY. A) = M{t:AmY oA) = 0. 

Then, the metric (5.3) is invariant with respect to the multiplication defined by the 
quotient structure. 
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Remark 5.2. Assume that the multiphcation (5.5) is unital and the unity l-form is given 
by e. Then, for arbitrary a G K^{Am) we have (e, a") = Tr(e o a) = Tr a. On the other 
hand (£,«") = (a,e) = Tr(ea), where e = e" is the unity vector field. Since the trace is 
nondegenerate, we see that for the multiphcation (5.5) the unit vector field e = 1, that 
is e coincides with the unity 1 of the original algebra A or lies in the same equivalence 
class. Thus, to have the Frobenius algebra structure in the cotangent bundle T*Am we 
must require that e = 1 G TxAm- 

5.2. Main theorem. The metric (5.3) can be written in the form 

r/*(a, (5) := Tr(A'r(a)/3 + \'at{(5)) , 

which, when r = £*, coincides with (4.3). By Theorem 4.1 the sufficient condition for 
fiatness of the metric is the identity (4.4). It turns out, that for r = i* the condition (4.4) 
is fulfilled, if the Rota-Baxter identity together with (4.21) hold. 

Lemma 5.3. If i & End^ satisfies the Rot- Baxter identity (5.1) and the relation 

(5.6) i{a')+t{ay = 0, 
then r = i* fulfils the identity (4.4), that is 

t{t{a)h') + t{at{h)') - t{a)t{h)' = nab', 
and also 

(5.7) i{t{a)b') - i{ae{b)') - t{a)i{by = nab'. 

Proof. Let 

Ki[a, b] := £{£{a)b) + i{ai{b)) - £{a)£{b) -Kab, 

K2[a, b] := i{t{a)b') - i{ai{b)') - t{a)^{b)' + Kab', 

which are connected with (5.1) and (5.7). Then, 

TT{Ki[a,b']c) =TT{aKi[c,b]) 

Tr {K2 [a, b] c) = Tr {bKi [a, c] - bKi [c, a]) , 

where Ki is given by (4.13) for r = £*. Now, the results of the lemma follows from the 
nondegeneracy of the trace form. D 

We will show that under certain technical assumption on a submanifold Am of A we 
can define structure of a pre-Frobenius manifold. 

Theorem 5.4. Let i G End^ be invariant on Am o,nd satisfy the Rota-Baxter identity 
(5.1) and the requirement (5.6). Then, the following statements hold: 

(i) The Levi-Civita connection for the contravariant metric (5.3) has the form 

(5.8) V,87 = Da«7 + a Kl') - t{a)-f'. 

(a) The metric (5.3) is flat, that is the curvature tensor R{a^, P^)'~f vanish identically 

on Am- 
(Hi) The co-unity l-form e, such that e{a^) = Tr a, is closed. 
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(iv) The tensor V* is symmetric in all three arguments, where 

a« */?«:= (a o/3)tt a,l3eA\AM) 

is the induced multiplication in the tangent bundle TAm- In principle, the relation 

(5.9) (V,«o)(/3,7)=(V^„o)(a,7) 

is valid. 

Proof. Assuming that r = ^*, the first three points of the theorem are straightforward 
consequence of Lemma 5.3, Theorem 4.1 and Proposition 4.10. 

It is left to show that V* is symmetric in all its arguments, i.e. 

Since V is the Levi-Civita connection the following relation is valid: 

(V„«*)(/3«,7")=((V„«o)(/3,7))«. 

Hence, it is sufficient to show that (5.9) holds. 
Expanding Vo, one finds that 

(V,«o) (/3, 7) = V,8 (/3 o 7) - V,«/3 o 7 - /3 o V,«7 

= (D„«o)(/3, 7) - r„(/3 o 7) + r,/3 o 7 + /3 o 1,7, 

where F is the tensor field (A. 8), which by (5.8) has the form r„7 = £*(a)7' — a £(7'). 
Hence, 

ra(/3o7)=r(a)(/3o7)'-a£((/3o7)') 

= r(a)£(A'/3)'7 + r(a)£(A'/3)7' + r(a)/3'£(A'7) + r(a)/3£(A'7)' 
- a£(£(A'/3)'7) - a£(£(A'/3)7') - a£(/3'£(A'7)) - a£(/3£(A'7)') 

and 

r„/3o7 = £(A'r,/3)7 + r„/3£(A'7) 

= i{t{a)\'(5') 7 - i{X'al{(5')) 7 + t {a) (5' E{X' -1) - ai{P')i{X''y). 

Remind that D^tX' = (a")', where a" G X{Am) is given by (5.4). Thus, 

(D,«o)(/3, 7) = £(D,« A'/3) 7 + /3^(D,A'7) = ^(«"'/3) 7 + (3i{a^'7) 
= i{t{a)X"P) 7 - i{i{a')X'P) 7 + i{i{X'ayp) 7 
+ pi{t{a)X"-f) - pi{i{a')X'-f) + f3i{i{X'ay-f) . 
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Now, substituting the above formulae to (5.10) we have 

(V,«o) (/3, 7) - (V^«o) (a, 7) = (V,„o) (/3, 7) - {a ^ (3} 

= i{t{a)X"(5) 7 - £(£(a^}A^;?77 + i{i{X'a)'/3) 7 + (3i{t{a)X"-f) 

- pe{i{a')X'-f) +^£(i(^^%)^- r(a)£(A'/3)'7 - ticx:}i{X'fjY 

- tia)-^^etX^ - r(a)/3£(A'7)' + o^^A^^^fxT + ai{i{X' P)'j') 

+ ai{P'i{X'-f)) + a£(/3£(A'7)') + e{t{a)X'(3') 7 - £(A^«.^{^9^ 

+ r(a),^^#(:X^- ai{(5')i{X'-f) + /3£(r(a)AV) - /3^(AW(7')) 

+ ric44{X'fjY- ai{X'(3)i{-f') - {a ^ /?} , 

where {a -H- /?} stands for all the remaining terms arising by permutation of a with /3 in 
the preceding terms. Some terms cancel out as in the preceding terms we are allowed to 
permute a and (3 with simultaneous change of sign. Using that property we can assort 
all terms obtaining 

(V,«o)(/3,7)-(V;3«o)(a,7) = 

= [i{t{a){X'P)') - i{ai{X'f3)') - r(a)£(A'/3)'] 7 

+ /3[£(r(a)(A'7)') - £(a£(A'7)') - t{a)i{X'^y] 

- f3[i{eia')X'-f) + £{a'i{X'^)) - i{a')£{X'-f)] 

+ a[i{i{X'P)y) + i{X'Pi{y)) - £(A'/3)£(7')] - {a ^ 13} 

= -fi:a(A'/3)'7 - fi:a/3(A'7)' -KX'a'/3j + KX'a(3y - {a ^ (3} = 0, 

where the identities (5.7) and (5.1) were used. This completes the proof. D 

Remark 5.5. The above proof and formalism is much more basic if the endomorphism i 
is antisymmetric {£* = —£) and commutes with the derivation d, equivalently i' = 0. In 
this situation the proof of Theorem 5.4 is more straightforward. 

5.3. The recurrence formula. For derivation of the pre-potential on a Frobenius mani- 
fold using Proposition 2.4 we must see how the recurrence formula (2.12) fits in the above 
scheme. 

Proposition 5.6. Assume that dl-Cf. : Am — t- A are differentiahle functions of the 
variable X G Am such that 

{dK))' = ^^^' ^^d B^dnl^ = ^^X, 
where X G X{Am)- Then, the recurrence formula (2.12) takes the form 

(5-11) -^ = dnl_,y 

Proof. From the assumptions and formulae (5.2) and (5.8) we have 

ddT-L^ 
V^.d'Hl^ = -^J + ai{{dHl^)') -t{a){d'Hl)y 

ddUf. / ddUi.^ 
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and 

which substituted to (2.12) give (5.11). D 

Proposition 5.7. For arbitrary a,/? G A-'^(^jv/) the following relation is valid: 
(5.12) (a o /?)» = ak{X'P) + X't{a^P), 

where a^ G X{Am) is given by (5.4). 

The proof is straightforward using the identities (5.1) and (3.4). 

6. Frobenius manifolds on the space of meromorphic functions 

6.1. Algebra of meromorphic functions. Our aim is to illustrate the scheme for con- 
struction of Frobenius manifolds by applying it to the algebra of meromorphic functions 
on the Riemann sphere CP^. So, let 

^ = {/ : C* I— 7- C I / is meromorphic} , 

where C* = CP^ is the extended complex plane. Let p denote the variable in C*. The 
space A is an infinite dimensional algebra with respect to the commutative associative 
multiplication of functions. 

We define the derivation d G Der A for s = or s = 1 by the formula 

(6.1) f'^df:=f^ feA. 

We will consider this two different cases of s = and s = 1 simultaneously. 

Our aim is to define Frobenius algebras taking advantage of expansions near some 
marked points i^ G C* on the extended complex plane. We will distinguish three types 
of them. The first one is a fixed point at infinity, i.e. u = oo. The second one is a fixed 
finite point, without loss of generality we take z/ = 0. The last one is a 'finite' not fixed 
point, which can vary over the complex plane, i.e. u = v E C Important is fact that v 
will be taken as one of the coordinates on the underlying manifold. 

At a given marked point u the trace form Tr^ : ^ — )■ C is defined by 

(6.2) Tr,(/):=ereSp=4p-7) ^ = 0,1, 

where e = — 1 for z/ = oo and e = 1 otherwise. The invariance of (6.2) with respect to the 
derivation (6.1) is a straightforward consequence of the integration by parts. 

6.2. The endomorphisms. Meromorphic functions can be expanded into Laurent series 
at the marked points and at these points we can define projections on the finite parts of 
the series. Therefore, for any / G ^ at z/ = oo let 
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where n = deg;,^ / and resp=oo / = — a_i. For finite u = 0,v: 

[fip)]<i ■.= Y.<p-^y f(p) = E «^b- ^)'' 

where deg^ f = rn and resp=j/ / = a_i. We will denote by A°° = {^^ fliP*} for z/ = oo and 
by A'^ = {Xli Oj(p — z/*)} for finite u the corresponding spaces of formal Laurent series. 

We define £ G End A by the formula 



(6.3) 



^if) =f[p^'f]';o-lf = lf -p'[p~'f] 



V 

<0 



0,1. 



2" 2' 

Proposition 6.1. The endomorphisms (6.3) satisfy the Rota-Baxter identity (5.1) for 

1 

4' 



K = i. r/ie adjoints of (6.3) wzi/i respect to the traces (6.2) /iatJe t/ie /orm 
(6.4) t{f) 



^f-[mo=[f]<o-b /eA 



2- L.j^u uJ<o 2 
Moreover, the relation (5.6) zs satisfied by endomorphisms (6.3). 

Proof. For s = and s = 1 the spaces ^'^ can be decomposed into direct sums of 
subalgebras, that is A = A'^^ © ^<s- Hence, by Proposition 3.4 the linear maps 



satisfy the identity (3.2) and (5.1). These maps coincide with (6.3) for all cases but one. 

The exception occurs for finite u = v and s = 1. It must be considered separately. In 
this case (6.3) can be written in the form 

(6.5) i{f) = [f]l, -\f + v [p-V]o = m + P{f): 

where Ei a-iip - ^)1o •= "o and P{f) = t'b"V]o- 

Assume that ^satisfies (5.1). Let P be such that 'I{P{f)g) = P{fW) and P{P{f)g) = 
P{f)P{g). These requirements are satisfied by (6.5). Then, i = i + P satisfies (5.1) for 
the same n iff 

(6.6) P{l{f)9) + P{fl{9)) + P{f)P{9) = 0. 

The identity (6.6), for the map (6.5), can be showed using the following relations: 

[p~'[f]i^9]:=\f[p~'9]: 



i<o 



To find i* it is sufficient to observe that 

Tr.(/[p-7];o^) =reSp=.([p-7];o^) =reSp=.(p"7M<o) =Tr.(/M::o) 
The last statement of the proposition is straightforward as 

'df- 



i{f) + t{fy = f 



dp 



>o 9P 



This finishes the proof. 



D 
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Remark 6.2. The construction of Frobenius manifolds in this section corresponds to the 
construction of bi-Hamiltonian structures for dispersionless systems with meromorphic 
Lax representations presented in [34]. where the classical r- matrix formalism is applied 
to commutative algebras equipped with Poisson bracket {■, ■} = p^dp A d^- The related 
classical r-matrices have the form r = P^^-s ~ \ ^"^^ ^^^ classified with respect to s, A; G Z. 
The condition (5.6) is crucial for Theorem 5.4 to hold. The only relevant cases of r 
satisfying (5.6) with £ = r*, up to equivalence, are for s = /c = and s = k = 1, which 
are related to dispersionless systems of the KdV and Toda type, respectively. 

6.3. Frobenius structure on the spaces of formal Laurent series. First we will 
show how to construct Frobenius algebras and formal pre-Frobenius manifolds on ap- 
propriate submanifolds A'^^ of the spaces of formal Laurent series. Only then it will be 
natural to extend (reduce) this formalism to underlying manifolds made of meromorphic 
functions. 

We will consider the situation when A\,i consist of formal Laurent series A(p) at v 
with prescribed order and form. For i/ = oo we define 

(6.7) Atr = {X{p) = f' + n„_i/'-^ + n^.sp""' + . . . | n^ G C, n„_i = for s = O} , 

where the degree deg^^ X = n is fixed and for finite u we define 

^M = {Kp) = ■■■ + ui-mip - i^Y'"" + M-m(p " i^)'"" \ Ui E C and V E C (H u = v)} , 

where deg^, = ?n is also fixed. The complex coefficients Ui and v (when u = v) are 
coordinates on the underlying 'infinite-dimensional' manifolds associated to A'^^j. The 
tangent spaces are spanned by derivations of X{p) with respect to these coordinates, that 
is 

at point A G A'^^. The cotangent spaces T^A'^j are dual spaces with respect to the 
corresponding trace forms (6.2). 

One finds that for z/ = oo: 



for u = 0: 



and for u = v. 



rri aO n~j aO ^. rp* aQ n~j aO 



^^ „ 1 for m 7^ , ,„ Al^ for m 7^ 

Alo for m = ^ ^' ~ \a% for m = 0. 

Using (6.3), the multiplication (5.2) in A'^ takes the form 

ao p = p^[Apa]^Q/3 + p''a[Xpl3]'C.Q - p^XpO/S 

= p''Xpaf3 -/[Apa]^Q/3 - p'*a[Ap/3]^g . 

This product will be used to define the Frobenius multiplication in the cotangent bundle 
11/ 
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On each A'^,,j the respective contravariant metric is given by the formula (5.3), that is 

(6.9) r/*(a,/3) = Tr^(ao/3) =Tr4a»/3) a,/3eA\Alj). 

The related canonical isomorphism jj : T^-A.'^.i — ^ ^a-^m at A G A'^j; is such that 

(6.10) a^ = p'[Apa]^o ~ p'^pH^o = p'^pH<o " p'[^p"]<o • 
Proposition 6.3. The metric (6.9), at a generic point A G A'^j, is nondegenerate: 

• for u = oo and s = 0, 1 if deg^ A ^ 1; 

• for u = Q and s = if degg A = 0; 

• for 1^ = and s = 1 if degp A ^ 1 or degQ A = — 1; 

• for finite u = v and s = 0, 1 if deg^, A ^ — 1. 

In the remaining cases the metric is always degenerate or not well defined on the subman- 
ifold A^U. 

Proof. Let A G A^j, then Ap G ^^„„p Thus for i^ = oo the map (6.10) has the image: 

ImtlC^^„+,_2©^^,„i. 

Similarly, for A G AP^j we have Ap G A^_^_i for m 7^ and Ap G ^° j^ for m = 0. Hence, 
for z/ = 

Im tl C |^° ^ ® ^° -™+s-i for m ^ 
\a%s for m = 0. 

For A G A\,j we have Ap G A%._„^_i for m 7^ and Ap G A%.q for m = 0. Since p^ G w4,>q, 
for finite v = v we have 

j^.^ M>o©^>-,n-i form 7^0 
^ \AIq for m = 0. 

Since we must require that Imjj = TxA'^j, we get the conditions on the degrees of 
A G A'^j. Besides, in all these cases ker jj = at a generic point A G A'^j. D 

Proposition 6.4. The complement {T^A'^Y = A'^ \T^A'^^ is an ideal in A^ with respect 
to (6.8) and the respective metric (6.9) is compatible with the structure of quotient algebra 
A^iTlAl^r : 

• for u = 00 and s = 0, 1 if deg^ A ^ 1; 

• for z/ = and s = if degp A = 0; 

• for u = and s = 1 if degp A ^ — 1 ; 

• for finite u = v and s = 0, 1 if deg^, A ^ — 1 . 

Besides, we have the natural isomorphism T^A'^j = A"^ / [T^A'^^iY . 

Proof. Each complement is an ideal if {T^A'^Y o A'^ C {T^A'^^Y and the metric (6.9) is 
compatible with the quotient structure if r/*((T;^5(^)'=,^^) = Tr^((r^*^^)^ o A") = 0. 

For i^ = 00 we have {T*AfjY = ^?-n- Since Ap G ^^„ it follows that [K^'^-n\'^o = 
Ap.A^_„. Hence, for arbitrary / G A°° and s = or s = 1: 

/ o ^~_„ = -f[XJ]^,A^_^ c AZ_^ c Al 



1 00 



too 



22 BLAZEJ M. SZABLIKOWSKI 

Thus, .4,^_„ is an ideal. Besides, 

Troo(/o^^„J =-reSp=oc^<_„ = ^^ n ^ 1. 

Hence the respective metric (6.9) is compatible with the quotient structure A'^/A'^ 

For z/ = we have {T^A%Y = A^^j^,, Xp G ^°_m-i for m 7^ and Xp G Alo for 
771 = 0. Thus, 

f)^ .0 lO _ JK^lrn+s + (S - 1) [K^lrn+s\\p~^ for m 7^ 

^' """"^'^^-''XXpAl form = 

and consequently for arbitrary / G A^: 

'p'Mto^lm+s + is- iy-VM°m4-/_i for m ^ 
ylKfto^ls form = 0. 



f oA^ 



Hence, {T^A^j^jY is an ideal for s = only if m = and for s = 1 if m ^ — 1. With respect 
to the metric (6.9) we have 



Tro (/ o ^° „+,) = reSp=o ^° m+s = ^^ m ^ 



-s. 



For z/ = i; the complement (T;^^^)= = A^^ for m ^ and {T*A"mY = A\q for 
m = 0. Since Ap G A^_^_i for m 7^ and Ap G ^|q for m = 0, we have 

[Xp{T^AljY]^o = KC^x-^mY- 
Hence, for arbitrary f E A": 

f ° mAi,Y = P'[Xpf]l, {t:ai,y c {t:ai,y 

and tlms{T^ A'^^jY is an ideal without any further restrictions. Moreover, 

which finishes the proof. D 

Lemma 6.5. /n each case whe7i the 7netric (6.9) is 7i07idege7ierate 07i A)^[ (Proposi- 
tio7i 6.3) there is a Frohenius algebra structure defined in the cotangent bundle T*A\,^ by 
the respective quotient algebra A" / {T^A'^^.^Y (Proposition 6.4)- The respective unit vector 
fields are given by 



(6.11; 



So, almost always e = 1. In all the above cases but one the respective unit vector fields 
are flat. The exception is the case of u = 0, s = 1 and degp A = — 1. 

Proof. In fact, the first part of the lemma is a corollary to Propositions 6.3 and 6.4. It 
is only left to show that in each case there exists unit element (1-form) for the respective 
multiplication (6.8). We will take advantage from the nondegeneracy of the metric (6.9) 
and we will use the canonical isomorphism (6.10). Notice that all the unit vector fields 



1- 


- Ap 


for z/ = 00, s = and deg^^ A - 


= 1, 


1- 




for u = 0, s = 1 and degg A = 


-I, 


1 




otherwise. 
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(6.11) belong to the respective tangent spaces. Let e be l-form such that e" = e. By 
relation (5.12) for arbitrary /3 e A^{A\j) we have 

In the case when e = 1 one finds immediately that (eo/?)" = /?". In the remaining cases it 
is slightly more involved to check. This shows that 1-forms e are units in the respective 
quotient algebras. 

The co-unity e is closed on A'^j, which is consequence of Proposition 6.1 and Propo- 
sition 4.10. Therefore, for the fiatness of e it is sufficient to show (2.5) or 

Liee T]* = <^=^ LiCe o = 0, 

where the equivalence follows from the definition (6.9) and the fact that LiCg Tr = 0. 
To obtain Lieg o one should use similar computation as in the proof of next Lemma 6.6. 
When e = 1 the computation of LiCg o is straightforward, for e = 1 — Ap it is slightly more 
involved. In the case of e = 1 — -Xp, which is the exception, the relation LiCe o = does 
not hold. n 

Lemma 6.6. For the Frobenius algebras from Lemma 6.5 the quasi-homogeneity relation, 
LieE o = [d — l)o, in the case of u = oo hold for the Euler vector field and the weight 
given by 

1 2 

(6.12) E = X--pXp and d=l + {s-l)-. 

n n 

In the renaming cases the Euler vector field has the form E = X with d = 1. 

Proof. We will present the detailed proof only for the case of z/ = oo. First notice that 
the vector field E = X — -pXp belongs to TxA'^. To compute Lie^ o we will use the 
formula (A. 5), that is 

(6.13) (Lies o) {a, /3) = (D^o) {a, f3) + D;„^E -B*^Eo(]-ao B^E. 
Let X G X{Af^) and a G A^^m)) then DxE = X - ^pXp and 

\ n " + -P"p)^)' 

where the integration by parts is used in the trace form (6.2) (z/ = oo). Hence, T)^E = 
""^^-^ ct + -pap. The subsequent terms in (6.13) have the form: 

{Beo) (a, /3) = iifEpa) /3 + aiifEp^) 

n-1 „ lw._Li, Noo„ 1 



« o /3 - -£(/+iA2pa)>^ /3 - -a£(/+iA2p/3);, , 



n n " ^ /^s n ^ /^s 



77 — S -|- 1 1 

Bl^,E = ^«o/3 + -p(ao/3) 



n n ■ '^ 



BlEop = ^{fXpBlE) /3 + BlE^{fXpP) 



rr, e -I- 1 1 1 

-^« o /3 + -£(/+iAp«p)^^ /3 + -pa/(/Ap/3)~ 
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Substituting the above terms into (6.13) and using the fact that the relation pdpi{-) = 
i{pdp-) holds for (6.3) (for s = or 1) we obtain the following equality 

s — 1 

Lie^; o = 2 o . 

n 

For finite z/ = or w we have E = X e TxA^j and DxE = X, D^E = a. The 
corresponding computation of the quasi-homogeneity relation is similar and adequately 
simpler then the above one. D 

Combining the above lemmas and propositions with Theorem 5.4 we have the follow- 
ing result: 

Theorem 6.7. 

• For s = 0, 1 there is a structure of Frobenius manifold on A'^j if deg^ A ^ 1. 

• There is a structure of Frobenius manifold on A% for s = if degg A = and for 
s = l ^/degoA ^ 1. 

• In the case of s = 1 and degg A = —1 there is a structure of Frobenius manifold 
on A^j^j with nonflat unit vector field. 

• For finite u = v and s = 0, 1 there is a structure of Frobenius manifold on A^j if 
deg„A^-l. 

Remark 6.8. Consider the second contravariant metric on A'^.j defined by (4.9) for r = i* 
and E = X, which takes the form 

(6.14) /(a,/3) = Tr^(Aao/3) a,^eA\Alj). 

This metric is well defined and nondegenerate at a generic point of manifold subspaces 
Am for finite u = ot v and s = 0, 1. This can be showed in a similar way to the proof 
of Proposition 6.3. In these cases, since E = X is a Euler vector field, the metric (6.14) 
coincides with the intersection form (2.9). However, for z/ = oo the metric (6.14) is well 
defined and nondegenerate only on the spaces: 

for s = : ATi = {Xip) = p" + Mp"-i + Un-2P''-' + ...}, 

for s = 1 : Afj = {X{p) = up'' + Un-ip""-^ + u„-2P""^ + ...}. 

Hence, to obtain the second metric on ^"^ one must to carry out the reduction procedure 
with respect to the constrain u = 0. After reduction one gets the metric in the form 

g*^d{a,l3) = (a«,/3), where 

a" = p'^XlXpol'^Q - p''Xp[Xa]'^Q + —p" XplXpo]"^-^ s = 0, 1. 

The above reduction is in fact equivalent to the so-called Dirac reduction of Lie-Poisson 
brackets considered in [34]. Using the relation [ ■ ]!°^ =[p- ]^o ~ P\- ' ]>o °^^ finds that the 
metric g*^^ coincides with the intersection form (2.9), that is 

g*^^{a,l3) = {E,ao /3) =TT^{Eao l3), 

where E = X — -pXp. The flatness of g*^^ and compatibility with rj* is a consequence of the 
fact that g*^^ is a intersection form. Notice that E = X — -pXp does not fulfil assumptions 
from Subsection 4.2 and the theorem cannot be used with this choice of E. 
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Remark 6.9. The particular infinite-dimensional Frobenius manifold A^ for s = and 
n = 1 corresponds to the Frobenius manifold associated with dKP equation or Ben- 
ney chain, which was constructed in [28]. On the other-hand in [9] there was formu- 
lated infinite-dimensional Frobenius manifold associated with two-component Toda chain, 
which corresponds to the following direct sum A'^ © ^^ for s = 1 and n = m = 0. 

6.4. Frobenius structure on the spaces of meromorphic functions. Let us consider 
the algebra of meromorphic functions on the Riemann sphere with prescribed marked 
points, poles or zeros, at oo, and two families of finite (not fixed) points ai, . . . a^ and 
Vi, . . . ,vk that can vary over the complex plane. Therefore, we define the algebra in the 
form 

A = C|p,p"\ {p - ai)"\ . . . , (p - aL)~\ {p - t;i)~\ . . . , (p - W/<)"1, 

where p G C*. The elements p,{p — ai),{p — Vj) and their inverses are the generators of 
the algebra A with obvious relations between them. 

The underlying manifold subspaces Am of A on which we are going to define the 
structure of Frobenius manifold are reductions of the infinite-dimensional Frobenius man- 
ifolds associated to the formal Laurent spaces considered above. Hence, we must take 
into consideration the constraints from Theorem 6.7 on the degrees of the meromorphic 
functions A(p) G Am- 

Accordingly, from Theorem 6.7 it follows that for s = the meromorphic functions 
\{p) G Am cannot have zero or pole at p = 0, that is we must require degg A = 0. For 
s = 1 there must be singularity at p = of order degg A ^ 1 or zero of order one, that is 
degg A = — 1 . All non fixed zeros Cj of X{p) must be of order one, deg^ A = 1, and all non 
fixed poles Vj must be of degree deg„ A ^ 1. Besides, the meromorphic functions X{p) 
must have singularity at infinity of order deg^^ A ^ 1 and the normalisation from (6.7) 
must be taken into account. 

Let n := deg;,^ A, mo := degg A and nij := deg„. A be fixed. Consequently, we define 
the underlying manifold subspace of A by 



rL 



(6.15) Am = { Kp) 



Ui=iiP-ai) 



K 



p'"°nr=i(p 



V 



]) 



L K 

ai, Vi G C, y^ ai = y^ ''^j^'j for -5 



^K 



where we require that n = L — X]i=o"^i ^ -'- ^^^ "^i ^ -'-• Besides, for s = we must 
have tuq = and for s = 1 we must have rriQ ^ 1 or mo = —1. The coefficients a^ 
and Vj constitute coordinates on the underlying manifold, which is of dimension A^ : = 

K + L + s-1. 

The related tangent spaces are spanned by the derivation of A with respect to the 
coordinates, that is 

. dX dX dX dX 

TxAm = span 



oai oai ovi ovk 

Let r := {oo,0 {ii s = l),vi, . . . ,vk} be the set that consists of poles of meromorphic 
functions A G Am- Define F := F \ {oo}. We can establish, the related dual spaces with 
respect to the trace forms (6.2) for z/ G F as appropriate subsets of algebras of Laurent 
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series, that is T^A'^j C A'^ . They form is not unique, more precisely, they are given by 
appropriate quotient spaces, see the following lemma. Possible and useful representations 
are: 

(6.16) nATj = {7iP^-" + . . . + 7ivp'^" I 71, • • • , 77V G C} C A^,_^ 
for z/ = oo and 

(6.17) T*Al, = {^,{p-ur + ... + 7^(p - ur+'-^ I 71, . . . , 7;v G C} C A^^ 

for 1/ G r, where m = deg^, A. 

For each Am the duality paring, such as (4.2), can be defined by the trace form (6.2) 
for different z/ G F. As result, a 1-form 7 on the underlying manifold can have different 
representations •ju G T^A'^.j, such that at point A G Am'- 

(6.18) (7, X)x = Troo(X7oo) = Tr,(X7,) z/ G F, 

where X G TxAm is arbitrary. Then, for each z^ G F we can define the related contravariant 
metric on Am (6.9) and the related multiplication in the cotangent bundle T*A'^ using 
(6.8). We will show that these structures defined for different z/ G F are isomorphic. 

Lemma 6.10. Each metric (6.9), defined for z/ G F, zs nondegenerate at a generic point 
A G Am- Moreover, in each case the respective metric (6.9) is compatible with the structure 
of quotient algebra ^7(T;A./)^ where {T^AmY = A\ T*A'ij. 

Proof. We will consider in detail only the case of z/ = 00. Let Crlpj denote the space of 
polynomials in p of order at most r and define 

K 

factor := p™o JJ(p - t;^)'"^^^ 

i=l 

All the following computations are made at a generic point A G Am- One can see that 
TxAm — factor'^ x CAr_i|p]. Hence, we can define the related cotangent space with 
respect to the trace form (6.2) with z^ = 00 as T^A'^j = factor x p^~^ x CAr_i|p]. 

For arbitrary a G T^A'^j one finds that 



factor X p''[Xpa]'^Q G A'^^ 



>mo+s tt factor-^ X A"^ 

factor X p Ap[aJ^Q G A^q 

where (6.10) is used. On the other hand 

/actor X p"Ap[a]<o G ^5v-i . , -1 .ex, 

f + ^ ^w r ^ Aoo =^ a^ e factor ^ X A'^N.^. 

factor X p [ApaJ^o G ^^^v-n 

Hence, one can conclude that Imjj = factor"^ x Ctv-iIp], that is the image of jj spans 
T\Am- 

The complement of T^Afj to ^°° is given by {T^AfjY = factor x {A% © ^<s-jv)- 
For arbitrary g G factor x ^^^ and /?, G factor x ^^^_^ we see that Xpg G ^^q ^'^'^ 
Xph G ^^0- Hence for arbitrary f E A: 

fog = 'A\pf]lo 9 G factor x ^^ , C (nAMT 
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and 

foh = -p'lXjY^, h G factor x A^,,^j,^, C (T;^M)^ 

where the multiphcation is defined by (6.8) with z/ = oo. Thus (T^AmY is an ideaL 

Now, the compatibihty of the quotient structure with the metric (6.9) follows from 
the relations: 

Troo {factor x A%) = - reSp=oo A^^^+, = 

and 

Troo (/actor x A'^2s-n-i) = -reSp=oo^<_,i_i = 0- 

The remaining cases of u E T can be proven in a similar fashion or can be based on 
the next theorem. D 

Let 1-form a be represented by a^, G T^A'^j, then let aj, G TxAm be given by (6.10) 
and let a^^ o /3^ means the product of two 1-forms in the tangent bundle T*A\,j^ defined by 
the multiplication (6.8). 

Theorem 6.11. The metrics defined by (6.10) for different u E T on (fixed) Am o,re 
equivalent, that is the following relation is true: 

r,*{a,l3) ■= Troo(aL/3oo) = Tr^^/?,) u eV. 

This means that for arbitrary 1-form a the following equality is also valid 

(6.19) J:=al^ = aleTxAM ^ef. 

Similarly, the multiplications in the cotangent bundles T*A'^j defined by (6.8) for different 
z/ G r are isomorphic. 

Proof. Let z/ G F. Using (6.18) and the residue theorem one finds that 

LTi^yOij^Piy j iroo (^Ct^Poo j ^^•^p=oo\l'^p^u\yQ Poo -^plO^i^l^Q Poo ) 

= — TeSp=oo\l'^pOiu\^Q[Poo\^o ~[^v\^q['^pPoo\^q) 



res 



([ApaJ^J/3<x)]<o -K]^o[^p/5«^]<o) 



p=u \[^^p'--^i/\ ^g [PooJ <o 

= reSp=i,(Apa,,[/3oo]<o - av[Ap/3oo]<o) = T^T^i^i/^Lc^f) = Troo(/3L«oo) • 
Hence, the equivalence of metrics (6.9) is proven. 

The multiplications in the cotangent bundles T*A'^,j defined by (6.8) are mutually 
isomorphic if for arbitrary X G TxAm the following relation holds: 

(X, /3 o 7) = Tt^{X{P^ o 7„,)) = Tr,(X(/3, o 7,)) . 

Using (6.19) we can take X = a^ = aj,, where the 1-form a is arbitrary. Hence, the 
above relation is equivalent to 

Troo(aoo o /^oo o 7oo) = T^^A'^l' ° Pu o 7^) , 



1^0 

J<o- 
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where a,/3,7 are arbitrary 1-forms. Now, by (5.12) for z/ G F: 

(a. o /?,)« = fa^[\Ml, - fKWPuX, 

Hence, in the same manner as before, using (6.18) and the residue theorem, one finds that 
Trj,(a^ o /3j, o 7^) = Trj,(^a^(/3^ o 7^)**^ = i:i^(aoo{Pv o 71^)"] 

= - resp=oo (^aoo/3''[Ap7j^o ~ \^°° [P'^lv] ^0 

= resp=^ (^[aoo/3*] <o Klu - [Apaoo]<o /^"^^ 

= Trj, [iaoo o l^oof lv\ = Troo f(aoo o /^oo)" 7oo j = Troo(aoo o /3oo o 7^0) . 

This finishes the proof. D 

Lemma 6.12. On each underlying manifold Am there is a structure of Frobenius algebra 
defined by the quotient algebra Am / {T^-A.'^.iY — ^a-^m '^^^ '^^^ respective metric (6.9). 
These structures are equivalent for different u eT. The related unit vector fields are given 
by 

1 — \p for V = 00, s = and deg^^ A = 1, 
1 — -Xp for u = 0, s = 1 and degg A = — 1, 
1 otherwise. 

So, almost always e = 1. In all the above cases but one the respective unit vector fields 
are flat. The exception is the case of s = 1 with degg A = —1. 

For the above Frobenius algebras the quasi-homogeneity relation, Lie^ o = (rf — l)o is 
fulfilled by the Euler vector field E = X — -pXp and the weight d = 1 + {s — 1)-. 

The first part of Lemma (6.12) is a corollary to previous propositions and the proof of 
the second part is practically the same as the respective parts of the proofs of Lemma 6.5 
and Lemma 6.6. 

Proposition 6.13. The flat coordinates for the contravariant metric (6.9) defined on Am 
are given by 

4:= YTrTrooA^-^ for 1 <: i <: n - 1 

n 

and for 1 — s ^ k ^ K by ^ 

r^Tr^^A^^^ for ^ j < m,, 

(6.20) ti^ = { rn, 

[ Tr^^ log A + ^ Troo log A for 3 = nik. 
The respective differentials are 



dtL:-- 



X' 



00 

>l-n 



Care must be taken when calculating the traces of terms involving logarithmic singularities, see 
Appendix D. 
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and 



dti 



Vk 



■ 3 l-Uk 



^ rp* AVk 



1- s ^k^K, O^j^rrik. 



Proof. First we will show that dtl, are flat 1-forms with respect to the metric defined by 
(6.9) for z/ G r. See Remark 4.8, it is sufficient to check if the equalities (4.18) (with 
E = 1) hold. Remind that r = £*, where i* is given by (6.4). 

For 1/ = oo we take 7^ = A~~, for which deg^o 7^ = —i. Hence, the conditions (4.18) 
are satisfied since [7^]^o = for i > 0. Projecting 7^ on the cotangent space (6.16), one 
finds that the only nonzero projections are for 1 ^ i ^ n — 1. Similarly for i^ G F we 
take •yl = A"™, where m = deg^ A. Thus degy7^ = —j and (4.18) hold as [7^]<q = for 
j ^ 0. The only nonzero projections of 7^ on the respective cotangent space (6.17) are 
for ^ j ^ m. 

The related fiat coordinates are the respective (locally defined) functions t^ so that 

dtl ^^ Bxtl = TT,{XY^), 



where X is an arbitrary vector field on Am- 



a 



Proposition 6.14. The contravariant metric rj* on Am, defined by means of (6.9), de- 
composes in flat coordinates from Proposition 6.13 into anti-diagonal blocks such that 



m 



Proof. First notice that [dt 
we have 



7]* [dtl, dtl) = m6i^rn-j 

= p"[ApdfJ^Q and {dtl 
V*{dti,,dti) =TTjdtl,{dtiy 



deg„ A z/ G F. 



p'^lXpdtlY Q for u eT. Then, 



reSp=oo I ^ 



ApA 



<o 



res, 



p=oo 



>0 



ApA 



<o 



and for different z/, z/' G F: 



7]* {dtl dti,) = Tr J <«,)") = res. 



^p=u 



res. 



'p=i/ 



X- 



<o 



ApA 



<o 



ApA 



0. 



<o 



Besides, 



V*{dtl,,dtl) =TTJdtl,{dtl) 



reSp^oo I ^p^ 



i+j 



reSp^oo I ^ 



-n resA= 



A 



ApA 



i+J 



J >0 

= n5. 



i,n-j 



where in the residue integral one makes the change of coordinates p h-> A = p" + . . ., taking 
into account the multiplicity of this transformation, n = deg^^ A. Similarly, for z/ G F: 



rj* {dti, dti) =TrJ<«)") =reSp=JA-^ 



ApA 



<o 



reSp=^l ApA 



i+j 



-m resA= 



.1+2 



m5^ 



i,m-]-i 
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where the change of coordinates is of the form pi—)- A = . . . + (p— z/)"™' and m = deg^ A. D 

Proposition 6.15. The coefficients of the Euler vector field E = X — -pXp in the flat 
coordinates, that is E'l = (rftj,, E) , for i^ = oo are 

1 — s n — i 



El 



n 



n 



t^ for 1 ^ i ^ n - 1 



and for v eT are 



E^ 

V 



-t™ for s = 0, j = m 

^ + 1 for s = 1, u = 0, j = m 

for s = 1, u j^ 0, j = m, 



n 
m 
K n 



where m = degj, A. 

Proof. For z/ = oo the derivation is as follows 

El = BeiEtl, = Ti^(^X~^e] = -res, 
1 -s 



- 1 



reSp=oo A 



i-i 



p=oo 

1 -s 



p "X " I A pAj 



n 



n 



n — 1 1 \ n 

In particular for s = 1, i/ = and j = mo we have 

mo 

n 

^ \ 

-1 



n 



{dtr,E) = Der^C = ^M^'^E) + '-:^Tt^{X-'E) 
reSp=o ( P 



—X ^Xp ] res 

n In 



'p=oo \ P A Ap 



1 
n 



res„=o p 



n / n 
The computation in all other cases is similar. 



— P resp=oo [p -p ) = — 



U 



In order to use Lemma 2.4 we need the following proposition, proof of which is straight- 
forward. 

Proposition 6.16. Define, by means of the flat coordinates from Proposition 6.13, func- 
tions T-CiQ-. '■= tl- The recurrence formula (5.11) takes the form 

dn"; 






dX 






Hence, we have 






and for 1 — s^k^Kwe have 



n n 



Troo A " for 1 ^ i ^ ri — 1 



(6.2i: 






for ^ j < rrik, 



^ VTr,„ A^ ^ 

Tr,,(AlogA-A) + ^Troo(AlogA-A) for j = m^. 
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Now, combining the above results and using Lemma 2.4 we have the following theorem. 

Theorem 6.17. In all cases but one there is a structure of Frobenius manifold on Am- 
The exception is the case of s = 1 with degg A = — 1, when there is a structure of Frobenius 
manifold with a nonfiat unit vector field. All the ingredients of these structures are defined 
above. The respective prepotential functions have the following form 

^ / ^ n-l K nik 

(6.22) ^=j^a-j: Ein-r + E - E ^^.^rr^"^ 

\ i=l k=l-s ^ j=0 

where d = 1 + (s — 1)|. 

Remark 6.18. The class of Frobenius manifolds constructed in this section corresponds to 
the Frobenius manifolds classified in [14] and associated with Hurwitz spaces of zero genus. 
With respect to the related Landau- Ginzburg formalism, the cases of s = and s = 1 
correspond to the choice of a primary differential as du = dp and dco = —, respectively. 
The particular case of Am for s = 0, which consists of polynomial functions (6.23), is 
associated with Frobenius manifolds arising in the Saito's (singularity) theory labeled by 
An-i, see [14]. On the other-hand. Am for 5 = 1, which consists of meromorphic functions 
with poles only at infinity and zero, is related with a class of Frobenius manifolds studied 
in [16] (see also [8]) associated with the extended affine Weyl groups of the A series. The 
explicit form of the prepotential (6.22) is a close analog of respective formulae given in 
[14] and [25] (for s = 0). 

Now, we will illustrate the presented theory with few characteristic examples, some 
of them will contain more details of the related computations than other. The scheme is 
as follows. First, one needs to establish the manifold subspace Am (6.15) and compute 
the flat coordinates ti,...,tN according to Proposition 6.13. The flat coordinates can 
be chosen so that the unit & = -£- (except the case of s = 1 with rriQ = degg A = 
— 1). Next, the prepotential function J-" is given by (6.22), where the formulae from 
Propositions 6.15 and 6.16 must be used. The respective Euler vector fields can be 
obtained from Lemma 6.12 or Proposition 6.15. Having the prepotential J-" coefficients 
of the covariant metric r] and the structure constants of the multiplication in the tangent 
bundle can be easily computed from (2.6). 

Example 6.19. Consider the manifold space Am, in the case of s = 0, that consists of 
meromorphic functions with only one pole at infinity of fixed order n: 

(6.23) A = p" + Un-2P"-^ + ... + U1P + U0 n^2. 

In this case the prepotential (6.22) takes the following 'symmetric' form: 



2 "—1 I 1 
n v^ n + 1 — t 



n — i , n+i 



^ = ^^iTT) E ^(^I^— i) -^-- A ^ " res,_ y^\ 



In particular case of n = 4 we have 



X = p"^ + up^ + vp + w=p'^ + t^p^ + t2P + ti + -tg. 
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where the flat coordinates are given by 

1 4 ,3 1 2 

ti = t^ = -- reSp=oo A4 =w - -u 
6 o 



1 
(-2 = ^00 = — zre«p=oo ^ 

h = tl^ = -4reSp=ooA4 



to = tL, = -2 res„=„o A2 = f 



Using the above formula one obtains 



5 



111 t 



64 ' ■" 3840 

The related Euler vector field is 

,-, 9 3 9 1 (9 ^,,, , 1 , 

E = h^— + -t2^— + -h^— ^^ E(\) = X--pX„ 
dti 4 dt2 2 ^(9t3 ^ ^ 4^ ^ 

and the weight c? = |. The unit vector field is e = ^, since e(A) = 1. 

Example 6.20. Consider Am, for s = 0, that consists of functions with pole at infinity 
and two non-fixed 'finite' poles vi = v and V2 = w, all of order one, that is n = mi = 
7712 = 1- Hence, A G Am has the form 

a b ta ti 

X = p-\ \ = P' 



p-v p -w p-ti-t2 p-ti + t2 

We take the following flat coordinates: 

t3 = t = a 

ti = t^ = b, 
where, for p = v,w, by Proposition 6.13: 

t° = resp=,. A, tl = Tesp=u log A - resp=oo log A. 
By Proposition 6.16: 

''-(I) — r) '■"•^p=U /> 

?^^{^ = reSp=j,(A log A - A) - reSp=oo(A log A - A) , 
hence using the formula (6.22) the prepotential is 

J" = tMh - t4) + -{tl + tl){t3 + U) + -tglogta + t3t4logt2 + -^4 108^4- 



The related Euler vector field 

d d ^ d ^ d 

TT- + hTT- + 2^37— + 2t4 — 
Oti OT2 Ots OT4 

weight d = —1 and the unit vector field e = ^ as e(A) = 1 — Ap. 



^ = tiT;^ + t2T;r + 2t3T;^ + 2t4^^ ^^ E{X) = X-p\p, 
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Example 6.21. Consider Am, for s = 1, consisting of functions with poles at infinity, 
and non-fixed 'finite' pole vi = w, all of order one, that is n = mo = mi = 1: 

V s e*2 t^e*^ 

X=p + U + - + =p + ti+t3 + — 



p p — w ' " P p + e^'^ 

The fiat coordinates are: 

s s 

w w 

One obtains the prepotential 

J" = f\t2 + tihU + 2^3^4 + e*^ + he''-'* - he'* + -tl logh- 

Besides, 

d d d d 

dti dh dh dti 

d 



E = ti^^ + 2^^ + hT^ + T^ ^^ E{\) = \-p\p, 



d = 1 and e = ^ as e(A) = 1. 

Example 6.22. Consider Am, for s = 1, consisting of functions with poles of order one 
at infinity and 0, that is n = tuq = 1: 

X = p + u + -=p + ti-\ , 

p p 

where the fiat coordinates are ti = t^ = u and t2 =tl = log v. The potential is 

J^=-tlh + e'\ 
Besides, 

dh dh 

d = 1 and e = ^ as e(A) = 1. This is a celebrated example of Frobenius manifold 
corresponding to the quantum cohomology of complex projective line P^. 

Example 6.23. Let s = 1 and Am consists of functions with poles of order one at infinity 
and Vi = V, that is n = m,i = 1 as well as mo = degg A = — 1 : 

- uw tl e*^ 

X = p + u-\ = p + ti 



E = hT;r + '^lir ^^ E{X) = \-pXp, 



p — w p + e*2 

with flat coordinates ti = t'l, = u and h = tl, = log(— w). The prepotential is 

T = -tlh - he'' + -tjhgh- 

Besides, 

d_ d_ 
dh dh 

d = 1 and e = ^rp^f^i^ — ^)' since e(A) = 1 + ■:;^Xp. This is example when the 
unit field e is not flat. This particular example of Frobenius manifold was considered very 
recently in [7]. 



E = h— + — ^^ EiX) = X-pXp, 
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Example 6.24. The case of s = and Am consisting of meromorphic function with pole 
of order one at infinity [n = 1) and v = ti {mi = 1): 

X = p+ '' ' '' 



p-ti (p-ti)2' 

where the fiat coordinates are: ti = |t^, ^2 = |^i and ts = t°. One obtains the prepotential 



J^ = htl + -tlh + -tjlogh, 



with 



d = —1 and e = ^ as e(A) = 1 — Ap. 

Example 6.25. The case of s = 1, and six-dimensional Frobenius manifold associated 
with Am for n = mo = 2 and mi = 1. Thus, 



X = p' + Up + ti+t5 + ^— + ^ - 



where the flat coordinates are ti = tg, ^2 = ^o, ^3 = t^, t^^ = t^, t^ = t° and tg = ^i 
{v = — e*^). One obtains 

-^ = -^ + 7^i^2 - ^ + T^i^4 + 7^?^3 + Tt^ts + T^t^te + titste + ^2^46^ 
yb 4 yo 4 4 4 / 



and 



did did did ^,,, , 1 , 

^ = *'»:+ 2'^a; ^ 'a; +2«*al + '=9^+2 as ^ J5(A) = A--pA, 



(i = 1 and e = ^ as e(A) = 1 



Appendix A. Convention and notation 

Here, we fix convention and notation as well as provide useful or required in the main 
text facts from the rather standard differential geometry, all in a coordinate-free form. 

Directional derivative. Let M be a smooth manifold. The directional derivative at 
point X G M (in some chart) of a tensor field T is 



(DxT){x)= ^T{x + eX{x)) 



X e M, 

e=0 



where X G X(M) is some vector field. Then, 

(A.l) I)xf = X{f)^{df,X), 
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where (-, ■) : A^{M) x ^{M) -^ C°°{M) is the ordinary duahty pairing, / G C°°{M) is a 
smooth function and df G A^(M) is its differential. The Lie bracket between two vector 
fields X and Y takes the form 

(A.2) [X,r]=DxF-DyX 

Using the above definition one can show that 

(A.3) ^x,Y]T = Dx DyT - Dy DxT. 

In fact, the directional derivative is the simplest example of a symmetric and flat covariant 
derivative. 

Lie derivative. Let X G X(M). The Lie derivative of functions coincides with the 
directional derivative (A.l), Liex / = Dx/. The Lie derivative of vector fields coincides 
with the Lie bracket (A.2), Liex Y = [X, Y]. Through the Leibniz rule its action can be 
uniquely extended on any tensor field. 

Proposition A.l. Let -f G A^(M). Then, 

(A.4) Liex7 = Dx7 + D;^, 

where (D^X, Y) := (7, DyX). The Lie denvative of a tensor field o : A^{M) ® h^{M) -^ 
A\M), o(a,/3) = aoj3, is 

(A.5) (Liex o) (a, /3) = (D^o) (a, /3) + D^^^X - D^X o /3 - a o D^X 

Proof. From the Leibniz rule we have 

(Liex 7, y) = Liex(7, Y) - (7, Liex Y) = (Dx7, Y) + (7, ^yX). 
Hence, (A.4) follows. In a similar fashion, using (A.4) and 

((Liex o)(a, (3),Y) = Liex(a o /3, F) - (a o /3, Liex Y) 

- (Liex a o /3, F) - (a o Liex /?, >") 
one obtains (A.5). D 

Levi-Civita connection. Let the manifold M be equipped with a (pseudo-Riemannian) 
covariant metric 77 G r(5'^T*M). Then, rj and its inverse (contravariant metric) 77* G 
r(5'^TM) induces canonical isomorphisms 

^: A^(M) ->X(M) aH^a«:=H(a), 

b : X(M) ^ A^(Af) X ^ X^ := b(X) 

such that boH = Hot' = id and 

r/*(a,/3) = («,/?«) = //(««, /3«). 

The (unique) Levi-Civita connection is a covariant derivative V : j£(M) x X(M) — )■ 
j£(M) fulfilling the following two requirements: 

i) V is symmetric (torsionless) , 

(A.6) VxY-VyX=[X,Y]- 
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ii) V preserves the metric, that is V?7 = 0. Equivalently 

(A.7) X(77(F, Z)) = riiyxY, Z) + r/(y, V xZ) . 

Let 7 G A^(M), then (A. 6) is equivalent to 

dj{X,Y) = {Vxl,Y)-{VYl,X). 
Since d'y{X,Y) = (Dx'j,Y) — (Dy7,X), the first condition for V becomes 

(Vx7 - Dx7, y) = (Vy7 - Dy7, ^)- 
The second condition can be rewritten in the form 

{Bxvli/3, 7) = ^*(Vx/3 - D^/3, 7) + r/*(/3, Vx7 - ^xl) , 

where /3,7 G A^(M). 

Using the canonical isomorphism between tangent and cotangent bundles, induced by 
the metric 77, we can define 

(A.8) r„7 = r(a,/3):=D,«7-V,«7 a,7GA^(M). 

It is a tensor field since F is obviously C°°(M)-bilinear map. In the coordinates in which the 
directional and covariant derivatives are taken F coincides withe the Christoffel symbols 
of the Levi-Civita connection. Hence, the following lemma is valid. 

Lemma A. 2. A covariant derivative is the Levi-Civita connection iff the following con- 
ditions are satisfied: 

(A.9) r/*(«,F^7)=r/*(/3,F„7) 

and 

(A.IO) (D,«r/*) (/3, 7) + r/*(F,/3, 7) + r/*(/3, F,7) = 0. 

To calculate the curvature tensor of the Levi-Civita connection we find 

Vc,tt V/3tt7 = D„B D^B7 - (D^bF) (/3, 7) - Fd^„/37 - ^p D„«7 - ^a D/3tt7 + ^cXpl 
and 

V[Q,tt,/3tt]7 = D[q,B,^B]7 - F[„B,/38]b7. 

Since the connection is torsionless, we have 

(A.ll) [a\ /3«]^ = V,b/3 - V^BO = D„b/3 - D^bo - F«/3 + T^a. 

Hence, using the relation (A. 3) we derive the curvature tensor in the form 

^(a^/3^)7 = V„bV;3b7- V;3bV„b7- V[„B,/3«]7 
(A.12) 

= (D/38r) (a, 7) - (D„sF) {13, 7) + F„F/37 - F^F„7 - Fr,^7 + Fr^„7. 
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Appendix B. Hydrodynamic Poisson bracket 

Poisson structures of hydrodynamic type. Let 77 be a flat (pseudo-Riemannian) co- 
variant metric on a manifold M. Then, on the loop space £(M) = C°°(S^,M), that 
consists of smooth maps of a circle to M, one can define Poisson bracket of the hydrody- 
namic type: 

(B.1) {ff, F} = ^_ ^.«^ <*. := lmv.jh)>)d., 



where 



H= / h{u{x))dx, F= / f{u{x))dx 



1 ./si 



are functional on £(M), m : §^ — ;■ M, x t-?- u{x) = {u^ (x) , . . . , u"" (x)) and u\x) are 
local coordinate fields, V^^ is the Levi-Civita connection of rj taken along the vector field 



du 

form 



Ux = 2^ tangent to a loop. The related Poisson tensor in this local coordinates has the 



(B.2) ^^' = ^^' d^ - ^^'r'^'^- 

where ^ = ^gfr is the total derivative with respect to x G S"^. Important is fact that the 
invariance with respect to change of coordinates is preserved on the level of the infinite- 
dimensional formalism of the hydrodynamic Poisson brackets. Recall that (B.l) is the 
well-known Dubrovin-Novikov bracket [18]. Field bracket defined, through an operator of 
the form (B.2), by means of a nondegenerate matrix 77*-' is a Poisson bracket iff rjij can be 
interpreted as a flat covariant metric and P-^^ as the corresponding Levi-Civita connection. 

The Poisson brackets of the form (B.l) naturally arise in the study of Hamilton- 
ian structures for (1 -|- l)-dimensional hydrodynamic (dispersionless) systems. This class 
of systems is described by quasi-homogeneous flrst order PDE's. To any flat pencil of 
contravariant metrics one can associate integrable hydrodynamic hierarchies with bi- 
Hamiltonian structure deflned by means of hydrodynamic Poisson brackets. As it turns 
out, under some homogeneity assumptions, natural geometric setting for the formalism 
of hydrodynamic bi-Hamiltonian structures is the theory of Frobenius manifolds [14, 15]. 

Principle hierarchy. The functions H/^^n from (2.12) taken as densities of corresponding 
functionals on the loop manifold associated to the Frobenius manifold generate hierar- 
chies of Hamiltonian hydrodynamic systems called as a Principal hierarchy [14]. In flat 
coordinates of the metric 77 these hierarchies take the form 

^ ^ ^ QTJ:^) "^ dxdP "^ dPdt>^ dx "" ^ ' 

where t* = t*(x) are dynamical flelds depending on the inflnite sets of evolution param- 
eters (times) T^ . The recurrence formula (2.12) is a counterpart of the bi-Hamiltonian 
recursion scheme and in fact the hierarchies (B.3) can be written in a quasi bi-Hamiltonian 
form with respect to hydrodynamic Poisson brackets generated by the metric 77 and the 
intersection form g. 
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Appendix C. Classical t-matrix formalism on Poisson algebras 

Let (0,[-, ■]) be a Lie algebra. Classical r-matrix [30] is a linear map r : g — ?> g such 
that 

[a,b]^:=[r(a),b]+[a,r{b)] a,b e g, 
defines second Lie bracket on g. Fulfilling of the modified Yang-Baxter equation: 

[r{a),r{b)] - r([a, b]^) + K[a,b]=0 kEK, 

is a sufficient condition for a linear map r to be a classical r-matrix. Simplest solutions 
can be obtained through appropriate decomposition of g into Lie subalgebras, that is g = 
g+ © g_. Then, r = |(-P+ — P^), where P+, P_- are respective projections onto respective 
Lie subalgebras, is a classical r-matrix, since it satisfies the Yang-Baxter equation for 

Theorem C.l ([26]). Let {a, {■,■}, ■) have a structure of Poisson algebra, that is a is 
unital, commutative algebra and the Lie bracket {■,■} is a derivation with respect to the 
multiplication. Assume also existence of a non- degenerate a.d-invariant scalar product 
{a,b)a = Tr(a6) on a, which means that a* = a and ad* = ad. Then, if r : a ^ a is a 
classical r-matrix, the formula 

{h, /}„ (A) = (A, {riX-dh), df} + {dh, r(A"rf/)})„ hje ^(a), 

defines for each n ^ Poisson bracket. Moreover, all these brackets are mutually com- 
patible. 

The related Poisson tensors 7r„,, such that {h, f}^ = [df, irndh)^, have the following 
form 

(C.l) -Kndh = {A, r(A"d/i)} + A"r*({A, dh}) , 

where the adjoint of r is defined by (r*(a),6)n := (a,r(6))n. 

Appendix D. Integrals involving logarithmic singularities 

Here, we explain how to deal with the residuum integrals from (6.20) and (6.21) 
involving logarithmic singularities, that is integrals with branch points [1]. We want to 
compute the following integral for /i ^ 0: 

I := Tr,,(AnogA) + ^Tr„o(A'^logA) s = 0,l, 

where A is meromorphic function with poles at oo and Vi for 1—s^i^K {vq = if s = 1). 
Recall that Tr is given by (6.2). In the first integral we write log A = log[(p — Vk)^''X\ — 
ruk log(p — Vk) and in the second integral: log A = log[(p — f fc)~"A] + n log(p — Vk). Hence, 

/ = Tr,, (A'^ log[(p - t;^)™^ A]) + ^ Troo (AHog [(|) - i;fe)-"A] ) + m, Jo, 

where 

Jo = - Tr,,(Anog(p -Vk)) + Troo(A'^ log(p - Vk)) . 
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One can now write these two integrals in /q as one with contour surrounding a branch 
cut between Vk and oo. Now, after applying the residue theorem we have 



/0= ^ lT.^{\nOg{p-Vk)). 
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